Due to evergrowing importance of understanding flow of bio-fluids in Lab-on-CD based systems, we investigate the flow behaviour of power-law fluids in the rotating electroosmotic flow through a polyelectrolyte grafted (soft) narrow channel. We use a in-house numerical code to solve the governing transport equations for the velocities and flow rates in a rotating channel subjected to an applied external electric field. We show the strong effect of polyelectrolyte layer on the flow behaviour and find an increase in flow rate as we increase the size of the polyelectrolyte layer. We also show that rheology strongly influences the interplay of the Coriolis forces due to rotation and electrical body force due to the applied electric field. We show that the velocities are generally higher for shear thinning fluids as compared to shear thickening fluids. We also show that presence of polymer brushes in the polyelectrolyte layer creates a drag on the fluid which reduces velocities. We elaborate that the flow rates are strongly altered by the effect of rotation and that shear thickening fluids have lower flow rates than shear thinning fluids. We believe that studying effect of fluid rheology becomes very important for designing soft channel based Lab-on-CD systems driven by electroosmotic forcing and dealing with rheologically complex bio-fluids such as blood, saliva or mucus.
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Introduction
In the modern day, owing to the vast number of applications of microelectromechanic systems (MEMS) such as lab-on-CD (LOCD) based devices, a lot of interest has been seen among resesarch community studying fluid flow in these devices [1] . The flow of fluid occrus in such LOCD based devices due to the rotation of the platform on which the channel may be etched. Flow augmentation and alteration may occur due to the presence of centrifugal and coriolis forces exerted by the rotation of the device. Further augmentation of such flows is often done by using electroosmotic forcing of the fluid. When a polar fluid is placed on a charged surface, there is ion redistribution within the fluid. Redistribution of ions causes a change in the charge distribution. Electroosmotic flow (EOF) is induced by applying an electric field across the channel to drive the ions of the polar fluid, which drag the fluid along with it. The theory of EOF has been well studied in literature [2] . More recently, alteration to EOF has been done by grafting a layer of polyelectrolyte (PE) brushes to the walls of the microchannel. These brushes change the distribution of free ions within the bulk of the fluid and thereby changing the charge distribution [3] . The layer containing PE brushes is assumed to allow flow of fluid through them, however, an extra drag term is added to flow governing equations to account for the physical obstruction to the flow of fluid by the PE brushes. The flow of fluids through such PE grafted micro and nano channels have been recently studied in a plethora of literature. Harden et al. [4] were one of the earliest researchers to report on the EOF of fluids through PE grafted microchannels giving insight into the mobility of fluid flow in the PE brush region. Controlling of electroosmotic flow by coating of PE layer was also reported [5, 6] . We also find in the literature, reports on control of PE brushes using electric field and consequently the flow of fluid in PE grafted channels [7] . More recently variational methods have been used to solve the fluid flow equations in PE grafted microchannels [8] . Sterric and charge redistribution effects on flow through PE grafted channel was studied by Reshadi and Saidi [9] . In a recent study, the effect of fluid rheology was studied on the EOF through PE grafted soft channel by Gaikwad et al. [10] ; the authors found that the fluid rheology significantly impacts the net throughput of the fluid through PE grafted nanochannels.
The fundamental idea to enhance fluid flow using electroosmotic forcing in rotating microchannel may be attributed to Chang and Wang [11] ; the authors considered fluid to be Newtonian in behaviour and found the existence of secondary flow velocities due to coriolis effect. Effect of transient and startup flow behaviour of rotational EOF has been studied analytically [12, 13] . Rheological effects on the rotational EOF have been reported recently for power law fluid [14] , third grade fluid [15] , viscoelastic fluid [16, 17] , Eyring fluid [18] and viscoplastic material [19] ; the papers show that rheology of the fluid significantly alters the flow behaviour of fluid in rotating EOF. In particular, Abhimanyu et al. [17] show that EOF and rotational coriolis effects cannot be linearly superimposed when both are studied separately for rheologically complex fluids.
In order to study the effect of secondary velocity, confining the flow laterally becomes important. The effect of lateral confinement was discussed in detail for Newtonian fluid by Ng and Qi [20] , power law fluid by Kaushik et al. [21] and viscoelastic fluid by Kaushik et al. [22] ; the authors found recirculation loops using streamlines which showed the importance of rotational flow as a method of inducing mixing withing the fluid. In more recent studies the effect of PE layer grafting on rotational EOF of Newtonian fluid for different charge distributions were studied by Kaushik et al. [23] and Liu and Jian [24] . Kaushik et al. [23] found a significant enhancment in the flow velocities with increasing the size of the PE grafted layer in line with the net throughput increase due to the presence of PE grafted layer as reported by Gaikwad et al. [10] .
Due to demand for modern bio-medical applications to be coupled with LOCD based devices, the requirement to understand the flow of bio-fluids in LOCD devices becomes important. Bio-fluids such as blood, salive and mucus are rheologically complex in nature and have to be modeled and understood accordingly.
Although some work has been reported on flow of rheologically complex fluids through PE grafted micro and nano channels, no study has comprehensively reported the behaviour of rheologically complex fluids on the rotational EOF through PE grafted soft microchannels. Accordingly, in the present study, we attempt to solve the governing equations numerically for flow of a power-law fluid in a rotating channel with flow enhanced by electroosmotic forcing. We try to validate the results from the present study with data available in literature for the special case of Newtonian fluid as well as channel without PE grafting.
Further, we study the effect of various parameters such as graft layer size, the drag coefficient, rotational velocity and power-law index on the flow behaviour.
Mathematical Formulation
As shown in figure 1, let us consider a power-law fluid is confined between two parallel plates of length L and width W at a distance 2H apart. An electric field of magnitude E is applied in the x-direction. The plates are rotated with an angular velocity Ω z in the z-direction. The thickness of the PE grafted layer is given by D. The coordinate system is chosen in such a way that the origin lies at the centre of the channel as seen from figure 1.
The governing equations of fluid flow are
and
The Cauchy momentum equation above has been written separately for the electrolyte layer (EL) given by equation 2 and the PE grafted layer (PEL) given by Ω = [0, 0, Ω z ], µ c is the drag coeffient in the PEL, P is the modified pressure incorporating the centrifugal term given by P = p − ρ Ω × r 2 /2, τ is the stress tensor and F is the body force term which will be used in our further analysis to incorporate the electroosmotic body force term. We simplify the stress tensor for power-law fluid following Bird et al. [25] to get,
where, |γ| is the magnitude rate of strain tensor given |γ| = 1 2γ :γ It is important to mention here that it is the coriolis force that causes the flow in transverse direction and the centrifugal force only acts as aiding the existing pressure gradient [11] . In the present work, following Kaushik et al.
[ 23] , we assume no externally applied pressure gradient to drive the flow; we also assume that L H, using which we drop the pressure gradient term in our subsequent analysis. We would also like to mention that the drag coefficient within the PEL, given by µ c is proportional to (n − 1) th power of the velocity component following Parnas and Cohen [26] .
In order to incorporate the electrical body force term, we assume that the PE grafted channel is filled with a liquid of dielectric constant with ±z v being the valence of cations and anions, respectively within the liquid. The number density of cations and anions withing the liquid is given by m ± . The thickness of the PE brush layer is assumed to be fixed and the number density of ions are assumed to not vary with the electrostatic effects and pH of the liquid. The existence of PE brushes is also assumed to not alter the permittivity within PE grafted layer. An external electric field E x is applied along the x-direction.
To solve for the flow velocites it is essential to solve for the charge distribution within the two layers in which fluid flow is considered. Following Gaikwad et al.
[10], the governing equations for charge distribution (ψ) within the two layers of the channel are given by
where, e represents the charge of an electron, Z v represents the valence of ions within the PE grafted layer and M is the number density of ions within the PE grafted layer.
On simplification of the governing equations 1, 2 and 3 using the earlier mentioned assumptions, we get the x-momentum and y momentum equations in EL (valid in the region 0 ≤ z ≤ H − D) as:
The boundary conditions for the charge distribtion and momentum equa- 
We assume that the fluid is at rest initially, however, charge is distributed as per the governing equations 5 and 6.
The charge distribution given by equations 5 and 6 is assumed to follow the Boltzmann distribution, given by,
Boltzmann constant and T being the temperature. Using the Debye-Huckel
to get the charge distribution equations in the EL and PEL respectively as
In the above equations 11 and 12, the electric double layer (EDL) thickness within the EL is given by λ = k B T 2m ∞ e 2 z 2 v and EDL thickness within the PEL is given by
Equations 11 and 12 are nondimensionalized by using
This yields
In order to non-dimensionalize the momentum equations 7, 8, 9 and 9, we use, the velocity scale as the Smoluchowski velocity of a power-law fluid [27, 10] ,
n and shear stress scale as
to get the dimensionless x-momentum and y momentum equations in EL (valid in the region 0 ≤ z ≤ 1 − d) as:
for PEL (valid in the region 1 − d ≤ z ≤ 1), we get,
In the above equations 15, 16, 17 and 18, 
To ease subsequent discussion on to solution method and results, we drop the superscript * from the dimensionless equations 13, 14, 15, 16, 17 and 18.
The terms without superscript * henceforth will mean dimensionless quantities.
Solution method and validation
For the present problem, first the dimensionless charge distribution equations 13 and 14 are solved analytically following Kaushik et al. [23] with boundary conditions to get,
In order to solve the Cauchy momentum equations 15, 16, 17 and 18, an in-house finite difference code is developed. We use the forward in time finite difference and central difference for space approach to descretize the governing equations. Marching forward in time is done by fully implicit method. The solution is considered converged when steady state is reached (i.e. no signifcant change in the velocity profiles). The values of the velocities at a point z i is given by u i and v i . The momentum equations for the power law fluid can be approximated by following difference equations:
Where q denotes the time level and η i± 1 2 = (η i±1 + η i ) /2 denotes the shear strain rate used in momentum equation and is given by:
To solve the momentum equation by numerical method we use initial guess value as the velocities obtained from the previous time step. For the given guess value, we get the strain rate from equation 25. The effective viscosity is calculated and then used to obtain matrix form of the system of difference equations. This is further solved.
In order to check our numerical code for consistency, we perform the grid Since it is important to validate our code, we compare the results from the present numerical method with the result reported by Zhao et al. [27] . Zhao et al. [27] reported on the EOF of power-law fluid in slit microchannel without PEL. We show in figure 3(a) the comparison of axial velocity for various values of power law index namely n = 0.5, 0.8, 1, 1.2 and 1.5. Other parameters taken for this validation are κ = 10. It is important to mention here that given charge (zeta potential) at the wall was used as boundary condition by Zhao et al. [27] for the charge distribution equation. Therefore, in order to validate our present numerical code, we use the charge distribution of solution of Zhao et al. [27] and we find that the present solution shows a good match with the reported results. We also compare our present results with the results of Liu and Jian [24] for rotational EO flow of Newtonian fluid with different PEL thickness. The comparison is shown in figure 3(b) . The boundary conditions used to obtain figure 3(b) are the same as the ones followed by Liu and Jian [24] and we see a very good match between our numerical results and the analytical results of the authors. With these two validating studies, it becomes safe to say that our code is suitable for studying the rotational EO flow of power-law fluid throught PE grafted microchannels.
The discussion on some of the major results obtained from our work is described in the upcoming section.
Results and discussion
To effectively understand the flow dynamics of power-law fluid flowing through a PE grafted (soft) microchannel, it is important to understand the role that each parameter plays on the flow. The parameters that affect the flow include, n which represents the effect of fluid rheology, Re Ω which represents the rotational speed, α represents PEL drag, d represents PEL thickness, β and κ represent charge distribution effect. The effect of each of these parameters on flow velocity will be carefully studied and discussed. However, before discussing each of the parameter affecting the flow it is important to understand the range of values of each dimensionless parameter based on the data available in the literature.
Parameter selection
The range of the grafting dimension d is taken to be between 0.01 and 0.3 for the present study [3, 24, 10, 23] . The range of dimensionless inverse of EDL thickness κ is taken to be of the order of 10 [2] . The ratio of EDL thickness in the EL to PEL, given by β is taken to be between 0.1 and 1 [3, 24, 10, 23] . The range of the dimensionless drag parameter α is between 0.1 and 10 [3, 24, 10, 23] . The dimensionless rotational speed Re Ω is assumed to vary from 0 to 10 [11, 20, 19, 16, 17, 21, 22, 23] . The value of power-law index n is assumed to be between 0.6 and 1.4. Newtonian fluid is represented by n = 1. Since the present study is used to understand the flow of bio-fluids such as blood, the value of the power law index commonly used for blood is about n = 0.63 [28] .
Effect of fluid rheology
The effect of the rheological behaviour of the fluid is understood by varying n -the power law index. The effect of power law index n on the flow velocities at low rotational speeds are depicted in figures 4 (a), (b) and for high rotational speeds in 4 (c), (d). It can be seen from the figures that as the value of n increases the velocity magnitude decreases for both u and v because of increase in effective viscosity. We also observe that for low rotational speeds and smaller values of n the velocity profiles are more diffused because of ease of flow of the fluid due to lower effective viscosity. It is also observed from figure 4(c) that with for higher rotational speeds the effect of rotation overpowers the effect of fluid rheology, thereby making the distinction between the different u velocity profiles very small. However, at high rotational speeds, the distinction in the v velocity profiles is still clear as seen from figure 4(d) . The v velocity has a reduction in magnitude close to the centre of the channel consistent with the results of Kaushik et al. [23] as well as Liu and Jian [24] . It is also important to note that the variation in v velocity is higher for higher values of n in figure Re Ω = 10 with α = 2.5, κ = 10, d = 0.2 and β = 0.9. 4(d) since for lower values of n, effective viscosity is lower and therefore external effects are not felt in a very pronouced way.
Effect of fluid rotational speed
It is important to understand the Coriolis force based alterations on the fluid flow and therefore in figure 5 we plot the variation of u and v velocity profiles when Re Ω is varied for both shear thinning and shear thickening fluids. With increase in Re Ω , there is decrease in u velocity for both shear thinning and shear thickening fluids as seen from figures 5 (a) and (c). This decrease is because of transfer of axial flow energy to drive the transverse direction flow as the rotational speed increases. This observation is consistent with results reported by Chang and Wang [11] . It also important to observe that irrespective of the power-law index, the overall dimensionless velocity magnitude is higher when PEL exists as compared to rigid channels having rotational EO flow studied by Chang and Wang [11] . One may observe that as Re Ω increases the v velocity first increases in magnitude and then decreases as seen from figures 5 (b) and Re Ω is increased from 1 to 5 and further increase to 10 decreases the v velocity magnitude.
Effect of PEL
The effect of PEL on the flow may be examined by examining the effect of EDL thickness inside the PEL. Figure 6 shows the variation of flow velocities for shear thinning and shear thickening fluids with different values of β. As β decreases, the thickness of the EDL inside the PEL decreases and we see a drastic increasing in both u and v velocities for both shear thinning and shear thickening fluids. It can be seen from figure 6 that β has a very strong impact on the flow velocites irrespective of the value of n. It can also be seen from figures 6 (a) and (c) that decrease in the value of β tends to make the u velocity magnitude closer to the walls higher. This is because with decrease in β the value of ψ at the wall shows a very large increase for the Gaussian boundary condition considered in the present study. This trend is consistent with data obtained by Chanda et al. [3] and Kaushik et al. [23] .
It is also important to discuss the effect of drag experienced by the fluid in the PEL. This effect can be studied by varying α. As α increases the drag increases. The effect of changing α on the flow velocities is shown in figure   7 . It can be seen from figures 7 (a), (b), (c) and (d) that as we increase the high for larger values of d leading to an increase in electrostatic potential. This increase in the magnitude of charge within the PEL also increases the electrostatic potential in the EL as the grafting layer dimension is increased which was also observed by Chanda et al. [3] . The increase in the electrostatic potential increases the velocity so much so that despite the extra flow drag in the PEL, the velocity tends to increase with increase in d. Therefore, it can be stated that increasing the thickness of the grafted layer can be used to increase both the primary flow velocity magnitude u and secondary flow velocity magnitude 
Effect of rotation of flow rate
It is always important to study the flow rate of the fluid as it is simplest measurable quantity in any flow. Here, since there is flow in both x and y directions, we find the flow rate in both the directions as shown in figure 9 . In order to evaluate the flow rates in x and y directions, we use Q x = 2 The rate of decrease of the x-direction flow rate reduces with increase in Re Ω as the graph flattens out. In figure 9 (b), we show the y direction flow rate Q y and we see that Q y increases in magnitude upto a certain value of Re Ω and then starts reducing in magnitude. This is because of interplay of the energy transfer between the x and y momentum equations due to Coriolis effect. In general we see that the magnitude of flow rates is lower of shear thickening fluids as compared to shear thinning fluids. We can therefore choose an optimal speed of rotation where the transverse flow rate is the largest. This can aid in mixing of the fluid in applications where higher mixing is needed during flows through narrow confinements. The variation of the flow angle θ with Re Ω is depicted in 9 (c). We observe that the flow angle keeps changing with Re Ω upto a certain value of Re Ω and then becomes almost constant i.e., the flow angle becomes almost independent of Re Ω for larger values of Re Ω . In general, the flow angles for shear thinning fluids is higher than that of shear thickening fluids.
Conclusion
We have investigated the combined effect of rotational and EO forcing of a power-law fluid throught a soft (PE grafted) narrow channel. We developed a numerical code to solve the transport equations governing the fluid flow. We study the effect of soft PEL grafting on the Coriolis forcing of EOF. The complex interlinked dynamics between the fluid rheology, Coriolis effect and softness effect of the channel has been brought out. We find that each of effect of PE grafting has three separate effects which include the flow drag, the grafting thickness and EDL thickness within the PEL. These effect of fluid rheology and Coriolis forcing on these 3 effects are discussed in detail. We also discussed that the flow rate is significantly affected by the Coriolis forces as well as the fluid rheology and we found that flow rates are typically higher for shear thinning fluids. We believe that studying effect of fluid rheology becomes very important for designing soft channel based Lab-on-CD systems driven by EO forcing and dealing with bio-fluids such as blood, saliva or mucus.
